Abstract. We prove some pinching theorems with respect to the scalar curvature of 4-dimensional conformally flat (concircularly flat, quasi-conformally flat) totally real minimal submanifolds in QP 4 (c).
Introduction. A quaternion Kähler manifold
is defined as a 4n-dimensional Riemannian manifold whose holonomy group is a subgroup of Sp(1) · Sp(n). A quaternion projective space QP n (c) is a quaternion manifold with constant quaternion sectional curvature c ≥ 0.
Let M be an n-dimensional Riemannian manifold and J : M → QP n (c) an isometric immersion. If each tangent 2-subspace of M is mapped by J into a totally real plane of QP n (c), then M is called a totally real submanifold of QP n (c). Funabashi [2] , Chen and Houh [1] and Shen [4] studied this class of submanifolds and got many interesting curvature pinching theorems. The purpose of this paper is to give some pinching theorems with respect to the scalar curvature of 4-dimensional conformally flat (concircularly flat, quasi-conformally flat) totally real minimal submanifolds in QP 4 (c).
Preliminaries.
We give here a quick review of basic formulas for totally real submanifolds in a quaternion Kähler manifold; for details see [1] .
Let (N, g) be a 4m-dimensional quaternion Kähler manifold with quaternion structure I, J and K satisfying
For a unit vector X on N , let Q(X) denote the 4-plane spanned by X, IX, JX and KX, which is called the quaternion-section determined by X. Any 2-plane in a quaternion-section is called the quaternion-section-plane, 
Let M be an n-dimensional Riemannian manifold and J : M → N an isometric immersion. If each tangent 2-plane of M is mapped by J into a totally real plane in N , then M is called a totally real submanifold of N .
In the following, let QP n (c) denote a 4n-dimensional quaternion projective space with constant quaternion sectional curvature c ≥ 0. Let M be an n-dimensional totally real submanifold in QP n (c) with n ≥ 2. We choose a local field of orthonormal frames in QP n (c):
. . , e n ; e I(1) = Ie 1 , . . . , e I(n) = Ie n ; e J(1) = Je 1 , . . . , e K(n) = Ke n in such a way that, restricted to M , e 1 , . . . , e n are tangent to M . We will use the following convention on the range of indices unless otherwise stated:
Let ω A and ω A B be the dual frame field and the connection forms with respect to the frame field chosen above. Then the structure equations of QP n (c) are
Restricting these forms to M , we have
Its length square is
If M is minimal in QP n (c), i.e., trace σ = 0, we have
where ̺ is the scalar curvature of M . Let A u and ∆ denote the (n × n)-matrix (h u ij ) and the Laplacian on M , respectively. We have the following formula [1] :
Similarly, we have
where S is the Ricci tensor of M .
Combining (3)- (6), we obtain
3. Conformally flat totally real minimal submanifolds. Suppose M is an n-dimensional compact oriented totally real minimal submanifold in QP n (c). If M is conformally flat, then its conformal curvature tensor C [6] satisfies
Taking the integrals of the both sides of (7) and using (9), by the Green theorem, we have
On the other hand, by the Gauss-Bonnet theorem, when n = 4, the Euler number χ(M ) of M is given by
From (9)- (11) we get, when n = 4,
This yields the following theorem.
Theorem A. Let M be a 4-dimensional compact oriented conformally flat totally real minimal submanifold in QP 4 (c)
From (13) we have
Since M is compact and oriented, from (7), (14) and the Green theorem we can obtain
When n = 4, from (11), (14) and (15) we have
When χ(M ) is nonnegative, we obtain the following theorem.
Theorem B. Let M be a 4-dimensional compact oriented concircularly flat totally real minimal submanifold in QP 4 (c). If M has nonnegative Euler number and the scalar curvature ̺ ≥ 0, then M is totally geodesic.
5. Quasi-conformally flat totally real minimal submanifolds. Let M be an n-dimensional compact oriented totally real minimal submanifold in QP n (c). If M is quasi-conformally flat, then its quasi-conformal curvature tensor H [6] satisfies
where G(X, Y ) = S(X, Y ) − ̺g(X, Y )/n = 0 and µ is a constant. From (17) we have
From (7), (18) and the Green theorem we get
When n = 4, from (11), (18) and (19) we have Remark. If µ = 0, M is concircularly flat, then Theorem C becomes Theorem B.
